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Abstract. In this paper we define a monoid called the Braucr semigroup for a 
locally compact Hausdorff groupoid E whose elements consist of Morita equiv- 
alence classes of i?-dynamical systems. This construction generalizes both the 
cquivariant Braucr semigroup for transformation groups and the Brauer group 
for a groupoid. We show that groupoid equivalence induces an isomorphism 
of Braucr semigroups and that this isomorphism preserves the Morita equiv- 
alence classes of the respective crossed products, thus generalizing Racburn's 
symmetric imprimitivity theorem. 



1. Introduction 

Let Q and % be groups with commuting free and proper actions on the left and 
right, respectively, of a space X. In [52], Ricffcl attributed to Green the useful 
observation that Co(X/H) x Q is Morita equivalent to Cq(Q\X) x H. One of the 
many applications of this result is that if X — Q and H is a closed subgroup of Q 
then we can induce representations from H to obtain representations of Q. In [19], 
Raeburn proved the symmetric imprimitivity theorem, a noncommutative version 
of the result in [22] which gives a Morita equivalence between crossed products of Q 
and % on certain C*-algebras (where Q and H are groups acting freely and properly 
on X as above). Again Racburn's result can be used to construct representations 
induced from subgroups. 

In an effort to study the cohomology of the transformation group (Q,T), the 
authors in [5] define a group called the equivariant Brauer group Brg(T). The 
elements of this group are (/-dynamical systems (A, a) where A is a continuous 
trace C*-algebra with spectrum T and the action induced by a on T coincides 
with the given action. In |14j . the authors use the equivariant Brauer group to 
provide an algebraic setting for Racburn's symmetric imprimitivity theorem. That 
is, they show that if Q and H have commuting free and proper actions on a space 
X, then there exists an isomorphism 6 : Brg(X/H) Br-u(Q\X) such that if 
6([A, a}) = [B, P] then A xi Q Q is Morita equivalent to B xi^ H. 

These results inspired two distinct generalizations. In 2000, the authors in [12] 
extend the results in [14] to find a monoid of all separable Q systems (A, a) with 
A a Co (T)-algebra where the action induced by a on T coincides with a given 
action. This allows the authors to recover the full power of Raeburn's symmetric 
imprimitivity theorem. In |13j . the authors replace the transformation group (Q, T) 
in [5] with a groupoid E and define a Braucr group Br(i?) for E and point out how 
Br(E') can be used to study groupoid cohomology. 
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Our goal is to combine these two generalizations into one overarching framework. 
To that end, for a second countable locally compact Hausdorff groupoid E we 
define a monoid called the Brauer semigroup S(E) consisting of equivariant Morita 
equivalence classes of i?-dynamical systems (Definition I4.5|) . The Brauer group 
Br(E) embeds in S(E) as the set of invertible elements. We show that if G and 
H are groupoids, X is a (G, -ff)-equivalence, and G x X x H is the associated 
transformation groupoid, then there exists an isomorphism 

v X ' H : S(H) -> S(G kX-aH) 

such that if v x > H ([B, (3]) = [A,u] then B~ApH is Morita equivalent to Ax^GxJT xiJ 
(Theorem ^. 2|) . By symmetry we then get an isomorphism v x : S{H) — > S(G) with 
the same property. 

At first glance, it may appear the hypothesis in Thcorcm l5 . 2l that X be a groupoid 
equivalence is stronger than the hypotheses used in Raeburn's symmetric imprim- 
itivity theorem. However, if Q and TL are groups with commuting free and proper 
actions on the left and right, respectively, of a space X, then X provides a groupoid 
equivalence between the transformation group groupoids Q x X/TL and Q\X x TL. 
Furthermore, for a Co (X/TL)- algebra, A, A x Q is isomorphic to A x (Q x X/TL) (simi- 
larly for C (a\X)-algebras)B Thus for [A, a] e Big(X/H) and [B, 0\ £ Bt h (Q\X), 
the crossed product A x Q is Morita equivalent to B x TL if and only if A X (Q K X/TL) 
is Morita equivalent to B x (Q\X x TL). Hence, Theorem 15.21 recovers Raeburn's 
symmetric imprimitivity theorem in the group case. 

We begin the paper with a review of some preliminary materials, including upper 
scmicontinuous bundles, groupoids, and imprimitivity bundles (Section [2]). The 
generalized fixed point algebra for a groupoid dynamical system, as defined in [2], 
will play a key role in constructing an inverse for v X ' H . However, the fixed point 
algebra is defined abstractly in [2] and in order to perform our analysis we need 
to find a more concrete description. We do this in Section |3] More specifically, 
for a principal proper groupoid E and (A, a) an E'-dynamical system, we define 

an algebra of continuous sections Ind^ '(A, a), and show in Proposition 13.61 that 

Indff ' (A 1 a) is equal to (not just isomorphic to) the generalized fixed point algebra. 

Next, we introduce the Brauer semigroup for a groupoid in Section |U Much of 
the work in defining the Brauer semigroup was done in [12j and |13j , so Section |4] 
merely outlines the construction. Section [5] contains the statement and proof of the 
main result of the paper, Theorem l5.2l To prove Theorem l5.2l we follow the outline 
in |12j . However, the proofs in our setting are substantially different and require 
significant analysis. In Section ^. 1 1 we show v X ' H is a homomorphism. In Section ^. 21 
we use the generalized fixed point algebras described above to construct a map from 
S{G x X x H) to S{H) and in Section [5731 we show this map is an inverse for v x,H . 
We then use the results of [5] to get Morita equivalence as follows. Let (A, oS) be a 
G x X x .H-dynamical system. Then the transformation groupoid G x X includes in 
GixXxff and we can restrict u to an action w of G k X on A. Since G acts freely 
and properly on X, G tx X is a principal and proper groupoid. Let Fixc(A) be the 
generalized fixed point algebra for the uj g action. We will show that there is an 
action Fixg (lS) of H on Fixe (A) and that (^ H )" 1 ([A, u]) = ([Fix G (A), Fix G (w)]). 
Next, [5] gives an imprimitivity bimodule Z between A x r (G k X) and Fix G (A). 
Since G x X is principal and proper, it is amenable p], so Z is an A x (G x X) — 



See [9] Example 1] for the proof in the case where A has Hausdorff spectrum. 
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FixG(^4)-imprimitivity bimodule. We then analyze Z to show it is equivariant for 
the H actions so that Fixc{A) x H and (A x (G k X)) x H are Morita equivalent by 
PH Section 9.1]. Finally, [3] shows that (Ax (GkI)) x H S A x (G x X x #), giving 
the result. We prefer this approach to the one outlined in [T8l Section 9.2] (which 
generalizes the constructions in |13j ) because our approach allows for induction in 
stages. In any case, we show in Section |6] that when restricted to the Brauer group 
the isomorphism v x is equal to the isomorphism of Brauer groups constructed in 

In a short appendix we answer a question raised in [5] by giving a fairly general 
condition that guarantees the generalized fixed point algebra of a proper groupoid 
dynamical system is Morita equivalent to an ideal of the reduced crossed product. 

Acknowledgments. Wc would like to thank Dana Williams for his advice and 
support. Part of the research for this project was undertaken while the first author 
was supported by a postdoctoral fellowship funded by the Skirball Foundation via 
the Center for Advanced Studies in Mathematics at Ben-Gurion University of the 
Negev. 

2. Preliminaries 

We assume all Banach algebras and C*-algebras (with the exception of multiplier 
algebras) are separable. For a C*-algebra A we denote the multiplier algebra of A 
by M(A) and its center by Z(A). 

2.1. Upper semicontinuous bundles. Let p : X —> T and q : Y — > T be surjec- 
tions. Throughout we denote the fibered product of X and Y by 

X*Y :={(x,y)eXxY :p(x) = q(y)}. 

Definition 2.1 (p~8l Definition 3.1]). Let T be a second countable locally compact 
Hausdorff space. An upper semicontinuous Banach bundle over T is a topological 
space 3f together with a continuous open surjection p% : 2? — > T such that Z(t) := 
p^}(t) is a Banach space for each ieT and such that the following axioms hold. 

(1) The map z4 \\z\\ is upper semicontinuous from 2f to R + . 

(2) The map 3? * — > 2f defined by (z, w) H» z + w is continuous. 

(3) For each k£C the map 2f — > defined by z H> kz is continuous. 

(4) If {z.i} is a net in 5° such that \\zi\\ — > and p^{zi) —> t then Zi — > Ot 
where 0( is the zero element in Z(t). 

An upper semicontinuous C* -bundle over T is an upper semicontinuous Banach 
bundle p^ : 3f — > T such that Z(t) is a C*-algebra for each t and the following 
additional axioms hold. 

(5) The map 2f * 3? — > 3f defined by (z, w) n> zw is continuous. 

(6) The map 3f — > 3f defined by z i-> z* is continuous. 

Showing a sequence in an upper semicontinuous Banach bundle converges is often 
very delicate. Our main tool for this is the following proposition which roughly 
states that a sequence is convergent if there exists a convergent sequence close to 
it. Many of our proofs amount to finding a convergent sequence close to a given 
sequence. The proof is the same as in [27l Proposition C.20] so we omit it. 
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Proposition 2.2. Let p^ : 2f — > T be an upper semicontinuous Banach bundle 
over T . Let {aijigj be a net in 3f such that p^{fli) —> p^{a) for some a £ 3f. 
Suppose that for all e > there is a net {bi}i<=i and b £ Z such that 

(1) bi -+ bin 3f, 

(2) psr(h) = par (Of) andp%(b) ^p^{a), and 

(3) max{||a — b\\, \\ai — bi\\} < e eventually. 
Then ai — > a. 

Let p^' : 3? — > T be an upper semicontinuous Banach bundle over T and q : 
X — > T be a continuous open surjcction. Wc define the pull back bundle over X by 

q*3f :— {(x, z) € X x 3f : q(x) = p^(z)} with p q *%- : (x, z) — > x 

where the topology on q* 3f is given by the relative topology. Note that the fiber 
of q* 3f over x is naturally isomorphic to Z(q(x)). 

Let psr '■ 3f — > T be an upper semicontinuous Banach bundle. A continuous 
function / : T — >■ 3f is called a section if pa= o / = idy- We denote the set of 
continuous sections by r(T, .2°), the continuous bounded sections by T b (T, 3f), the 
continuous compactly supported sections by T C (T, 3f), and the continuous sections 
that vanish at infinity by To(T, 3f). By the Tietze Extension Theorem for upper 
semicontinuous Banach bundles JTTJ Proposition A. 5], if T is locally compact Haus- 
dorff then {f(t) : f £ T (T, 3f)} = Z(t). Since wc only consider bundles over 
locally compact Hausdorff spaces wc will use this property without comment. 

The equation ||/|| = sup t6T ||/(£)|| defines a norm on Z = Tq(T, 3f) and under 
this norm Z is a Banach algebra. It is a C*-algebra if 3? is an upper semicontinuous 
C*-bundle. In either case we refer to Tq(T, 3f) as the section algebra of 3f and 
denote it by the corresponding Roman letter Z. For </> £ Co(T) and / £ T(T, 3f) 
define 

•/(*) = *(*)/(*)• 

Observe that if € C C (T) then <f>- f eT c (T, 3f). Further, the map <f> h-> (/ H- ■ /) 
induces an action of Cq(T) on Z [571 Lemma C.22]. 

Let pa? : 3f ^ T and p ? y : ^ — > T be upper semicontinuous Banach bundles over 
T. We say $ : 5" — > & is a homomorphism if $ is continuous, p^(z) = pzy(Q(z)), 
and $ is a homomorphism on the fibres. A bundle homomorphism $ : 3f — > W 
induces a Co(T)-linear homomorphism / i-> (i i-> $(/)(£)) of the section algebras. 
Every Co(T)-linear homomorphism Z — > 1" induces a bundle homomorphism of 
3? — > & as well [HI page 18]. We will often convert from bundle homomorphisms 
to Co(T)-lincar homomorphisms without comment. 

Definition 2.3. Let T be a second countable locally compact Hausdorff space 
and A be a (separable) C*-algcbra. Wc say A is a Co(T)-algebra if there exists a 
nondegeneratc ^-homomorphism of Co (T) into the center of the multiplier algebra 
of A. 

If srf is an upper semicontinuous C*-bundle over T then the section algebra 
A = Tq(T, #f) is a Co(T)-algebra. In fact all Co(T)-algebras arise in this way. 

Proposition 2.4 ( |27i Theorem C.26]). Let T be a second countable locally compact 
Hausdorff space and A a C* -algebra with spectrum A. Then the following are 
equivalent: 

(1) A is a Cq{T)- algebra. 
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(2) There exists an upper semicontinuous C* -bundle si over T such that A = 
T (T,,v/). 

(3) There exists a continuous surjection a a ■ A — > T . 

The next two propositions appear in [7J Corollary II. 14. 7 and Theorem 11.13.18] 
for Banach bundles and are proven in [27J Proposition C.24 and Theorem C.25] 
for upper semicontinuous C*-bundles. We restate them here for the convenience of 
the reader. The proofs in |27j go through without change for upper semicontinuous 
Banach bundles. 

Proposition 2.5. Let p^r : 3? —> T be an upper semicontinuous Banach bundle 
and T a subspace ofTo(T, 2f). Suppose 

(1) f £ r and £ Cq(T) implies <f> • f £ T, and 

(2) for each t £ T, {/(f) : f £ T} is dense in Z(t). 

Then T is dense in Tq(T, Sf). 

Proposition 2.6. Let 3? be a set and p^ : 2? — > T a surjection onto a second 
countable locally compact Hausdorff space T such that Z(t) is a Banach space. 
Suppose r is an algebra of sections of Sf such that 

(1) for each f £ T, t <— >■ ||/(f)|| is upper semicontinuous, and 

(2) for each t £ T, {/(t) : / £ T} is dense in Z(t). 

Then there is a unique topology on 3? such that : 3? — > T is an upper semicon- 
tinuous Banach bundle over T with V C T(T, Sf). If we replace "Banach space'' 
with C* -algebra then 2f is an upper semicontinuous C* -bundle. 

Proposition 12.41 states that the map gtf H> Tq(T,s/) defines a one-to-one corre- 
spondence between upper semicontinuous C*-bundles and Co(T)-algebras. In the 
following we establish this correspondence for imprimitivity bimodules over T. The 
proof follows similar lines to the proof of (27j Theorem C.26]. 

Suppose A and B are Cq (T)-algebras and Z is an A — B-imprimitivity bimodule. 
Then the actions of Co(T) on A and B induce left and right actions of Cq(T) on 
Z. If / • z = z ■ f for all / £ C (T) and all z £ Z we say that Z is an A - B 
imprimitivity bimodule over T. 

Let Z be an A — B imprimitivity bimodule over T. Define Co.t(T) := {/ £ 
C (T) : f(t) = 0} and consider M t := C . t (T)-Z := span{/-z : / £ C , t (T),ze Z}. 
For z — w £ Mt we write z ~t w and this turns out to be an equivalence relation 
on Z. Define Z(t) := Zj ~ t and let q t be the quotient map. For z £ Z define 
z{t) := qt{z). The quotient Z(t) is an A(t) — i?(<)-imprimitivity bimodule whose 
actions and inner products are characterized by 

( Z (*). W (t)) = A ™) (t) {z(t),w(t)) B(t) = (Z, W) B (t) 

a(t) ■ z(t) = (a ■ z)(t) z{t) ■ b(t) = (z ■ b){t) 

where a £ A, b £ B and z, w £ Z. Define 2f := \J Z(t) and p^ : 3f T to be the 
obvious map. 

Consider the set of functions r = {t h-^ z(t) : z £ Z}. Then for each t £ T, {z(t) : 

z £ T} = Z(t). Furthermore, since ||z(t)|| := J\\ AW (z(t),z(t)) \\ = y/\\ A (z,z) (t)\\ 

and since A (z, z) is in the Co(T)-algcbra A, we have t <— > \\z(t)\\ is upper semicon- 
tinuous. Thus by Proposition 12.61 there is a unique topology on 2f making it an 
upper semicontinuous Banach bundle such that z H z(t) is a continuous section 
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for all zeZ. This section vanishes at infinity since t\-^ A {z, z) (t) does. Note that 
since A (z, w) £ A, t \-¥ A (z, w) (t) is continuous. 

Definition 2.7. Let p^ : srf — > T and pgg : 3S — > T be C*-bundles with section 
algebras A and B respectively. A Banach bundle p^ : 3? —> T is an srf — 33- 
imprimitivity bimodule bundle if each fibre Z{t) is an A(t) — B(i)-imprimitivity 
bimodule such that the actions (a, z) — > a ■ z from srf * 3f to 3f, (z,b) —> z ■ b from 
2f * 33 to 5°, and inner products (z, w) h- > A(p ^ ( _ )) (z, u;} from iF * iF to jz/, and 
(z, w) H> (z, u>) from * J° to 33 are continuous. 

Remark 2.8. Definition 12. 71 is slightly different to that used in [T3l Definition 2.17]. 
In |13j the authors do not assume that the inner products are continuous. The 
continuity of the inner products in |13j is implied by the continuity of the norm 
on the bundle. Since we only have upper semicontinuous C*-bundles we need 
to assume that the inner products are continuous. This small difference in our 
definition means that when showing a bundle is an imprimitivity bimodule bundle 
we often only need to check the continuity of inner products as the other conditions 
were checked in (T3"] . 

The next proposition is a slight generalization of [131 Proposition 2.18]. We 
proved one direction above, the other follows exactly as it does in [T3] so we omit 
it. 

Proposition 2.9. If 3f is an — 3§ -imprimitivity bimodule bundle then Z = 
Tq(T, 2f) is an A — B imprimitivity bimodule over T. Conversely, if Z is an A — B 
imprimitivity bimodule over T then there exists a unique si — 33 imprimitivity 
bimodule bundle £t? such that Z = Tq(T, 

2.2. Groupoids. A groupoid is a small category in which every morphism is in- 
vertible. We say a groupoid E is second countable locally compact Hausdorff if it 
has a second countable locally compact Hausdorff topology in which composition 
and inversion are continuous. We assume all groupoids are second countable lo- 
cally compact and Hausdorff. The objects of E can be identified with the identity 
morphisms. We refer to the set of identity morphisms as the unit space, denoted 
E(°\ and elements of E^ as units. There are two natural continuous surjections 
r Ej se '■ E — > E^ given by t\e(7) = 77 _1 and s_e(7) = 7 _1 7- We drop the sub- 
script from the notation when the domain is clear from context. For u G E^ 
we denote E u := r _1 (ii) and E u := ,s~ 1 (u) and for D a subset of E^ ' we de- 
note E\d '■= {7 € E : r(7),s(7) € D}. It is straightforward to check E\r> is a 
subgroupoid of E. 

We say a groupoid E acts on the left of a space X if there exists a continuous 
open surjection rx '■ X — > E 1 - ^ and a continuous map E * X — > X given by 
(7, x) 1 y jx such that rx("fx) = ^(7) and 7(^2;) = (7f?)x for composable 7 and 
rjiQ The definition of a right action X * E — > X : (x, 7) i-> £7 is analogous. We 
will use E ■ x to denote both the image of x in E\X as well as the orbit of x in 
X . If rs is open and E acts on X then the quotient map X — > E\X is open [TO1 
Lemma 2.1]. 

An action of E on X is principal (or free) if 72; = x implies 7 = rx(x). An 
action is proper if the set {7 e E : jK PI L 7^ 0} is compact for all compact subsets 



Since 7 and 77 are composable only if s("f) = r(rf), the relation "/(r)x) = ("/r])x shows that E can 
only act on spaces fibred over 
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K and L of X. If the action of E on X is proper then the quotient space E\X is 
locally compact Hausdorff [TJ Proposition 2.1.12]. 

Note that is open if and only if se is open. In this case E acts on the left 
and right of E^ by 7 • s(7) := r(j) and r{^) ■ 7 = s(7). We say E is principal if 
this action is principal; we say E is proper if this action is proper. The orbit of a 
unit u under this action is then E ■ u := {r(j) : 5(7) = u}. 

Throughout we assume that our groupoids come equipped with a Haar system. 
That is, a system of measures {A u } ugB (o> such that 

(1) supp(A u ) = E u , 

(2) u h-> J E 7(7) dX u (j) is continuous for all / G C C (E), and 

(3) I E f(vi)dX s ^(l) = / s /(7)dA p( " ) (7). ' 

If £ has a Haar system then r and s are open [551 Corollary page 118]. Note that 
condition (J2} implies that sup u6B (o) A" (if) < 00 for all compact K in E. 

Given a left action of E on X we define the transformation groupoid to be 
E k X := {(7, x) : re (7) = rx(x)} with unit space X and range and source maps 
r(7, x) = :r and s(7, x) = j~ 1 x. If E has a Haar system {X u } ueE (o) then the set 
{\rx(x) x5 x } x( zx forms a Haar system for ExX. We can construct a transformation 
groupoid X y\ E from a right action in a similar fashion. 

Definition 2.10. Let £ be a second countable locally compact Hausdorff groupoid 
with unit space E^> and 3? an upper semicontinuous Banach bundle over with 
(separable) section algebra Z. We say E acts on Z if for each 7 G E there exists a 
norm preserving isomorphism Vy : Z(s(j)) — > Z^ri^y)) such that 

(1) V-yV v = V 1V for all (7,7/) G E< 2 ) and 

(2) the map E * iF — >• iF defined by (7, 2) M- V^(^) is continuous. 

If iF is an upper semicontinuous C* -bundle and V-y is a ^-isomorphism for all 7 
then we refer to the pair (Z, V) as an E-dynamical system. 

Let (A, a) be an E-dynamical system. Consider T c (E,r*£/). By jTSJ Proposi- 
tion 4.4] the formulas 

/*5(7):= / /(^(fl^T)) dA r(7) (»?) and /* (7) := « 7 (/( 7 " 1 )*) 
define a *-algebra structure on F C (E, r*g/). We define a norm on r c (E, r*,e/) by 

ll/H, := max] sup f ||/( 7 ) \\dX*(y), sup / ||/(7" 1 ) ||dA u ( 7 ) 1 • 

Let Rcp(E, A) be the set of /-norm bounded representations of T c (E,r*£f). We 
then define the crossed product A x a E to be the completion of r c (E, r*jz/) under 
the norm ||/|| = sup{||7r(/)|| : it G Rep(E,A)}. The reduced crossed product 
A Xi atr E is the completion of T c (E,r*£/) under the norm induced by "regular 
representations" [2 Section 2.2]. The crossed products considered in this paper 
involve "amenable" groupoids and in this case the reduced crossed product coincides 
with the crossed product. 

Example 2.11. Let E be a groupoid. Then C (E^) is a C (E(°) )-algcbra. The 
corresponding upper semicontinuous C*-bundle is E^ x C. For each 7 G E define 
lt 7 (s(7), k) = (r(7), k). Then It is a continuous action of E on Cq(E^) called left 
translation. The resulting crossed product Cq(E^) xiit E is isomorphic to C*(E) 
[TOl Remark 4.22]. 
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3. Induced algebras 

Definition 3.1. Let £ be a principal and proper groupoid with a Haar system, 
St an upper semicontinuous Banach bundle over E^°\ Z = Tq(E^°\ JQ, and V = 
{Vy}y£E a continuous action of E on 3f. Define 

Indf\z,V):=(feT»(E^^): f ^ iffl^R ^ V (1) 
^ v ' ' y v ' ; E ■ u h-> || f(u) || vanishes at oo J v 7 

We denote Indf ' ' (Z, V) by Ind(Z, V) or just Ind(Z) when clear from context. 

Throughout this section let £ be a principal and proper groupoid with Haar 
system {A M }„ eE (o), and par : —> E^ an upper semicontinuous Banach bundle. 

Lemma 3.2. For h G T C (E^\T) the map 

X(h)(u) := / V y (h{s( 7 ))) dA"( 7 ) (2) 

zs a well-defined element of Ind E (Z,V). 

Proof. Since E is proper the set E v n s~ 1 (supp(/i)) is compact for each u G i?' ^. 
Hence © is defined for all w and 

supp(A(/i)) c £ • supp(^). (3) 
Because A" is a Haar system it is not hard to prove that \{h) is continuous. 
We show that X(h) 6 Ind|f (Z,V). It follows from a brief computation that 
V 71 (\(h)(s{n))) = \{h){r(rj)). Thus E-v^ \\X(h)(v)\\ is well-defined and by © it 
has compact support contained in the image of supp(/i) under the quotient map. 
Since the upper semicontinuous image of a compact set is bounded above, this 
implies that ||A(/i)(w)|| is bounded and therefore X(h) G Ind(Z, V). □ 

Lemma 3.3. Let g G T b {E i0 \ u G £ (0) , and e > 0. 

(1) Then for any h G T c (E^-°\ 3?) such that h{u) = g(u) there exists tp G 
C* c (£ (0) ) such that X(tp ■ h) G lnd(Z,V) and \\X(tp ■ h)(u) - g(u)\\ < e. 

(2) For any z G St there exists an f G Ind(Z, V) such that \\f(p%-(z)) — z\\ < e. 

Proof. For item (T), let g G T b {E^\2f), u G £ (0) , a = g(u), e > 0, and pick 
h G T C (E^°\ J?) such that h(u) = a. Then the map 

7 h. 7 7 (/i(«(7))) - ft(r( 7 )) 

is continuous. Since the norm is upper semicontinuous, the set 

iV e := { 7 G £ : \\V 7 (h(s( 7 ))) - ^(Kt))II < e} 

is open. Because -E is principal and proper we can apply [2 Lemma 5.3] to find an 
open neighborhood U C E^ of u such that {7 : 7 ■ U n 7^ 0} G N e n AT" 1 . Pick 
a function G C C (E^) such that < <j> < 1, </>(u) = 1, and supp(0) C E/. Define 

i>(v)=U<t>(s( V ))dX u ( V )^ 4>{v) 

and note that 

[ dA u ( 7 ) = / ( f <Ks{ti)) dX^r,)) 0( S ( 7 )) dA u ( 7 ) = 1. 

JE JE \JE / 
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By Lemma I3T21 X(tp ■ h) £ Ind(Z, V). It remains to show that \\X(ip • h)(u) — a\\ < e. 
We compute 



||Aty> • h)(u) -a\\= / ^( S ( 7 ))F 7 (ft( S ( 7 ))) dA»( 7 ) - Ku) 
Je 

which, since J E ip(s( r y)) dX u (-f) = 1, 

V>( S ( 7 ))F 7 (ft( S ( 7 ))) dA"( 7 ) - / V(s( 7 )) dA"( 7 )ft(«) 
< / ^(7))ll^(M^(7)))-M«)l|rfA"(7). 



However, u £ U and s( 7 _1 ) £ supp(V>) C f7 implies that 7 G iV e so 



||A(V>-ft)(u)-a|| <e / i/j(s( 7 ))dX u (j) = e. 



E 

For item © pick ft G r c (£: (0) , Jf) such that h{p^{z)) = z. By the first part there 
exists -0 G C c (£( )) such that ■ h) £ Ind(Z, V) and ||A(V> ■ h)( P3f (z)) - z\\ < e. 
Then / = X(ip ■ ft) suffices. □ 

Let (A, a) be an E'-dynamical system. For u £ E^ let e u : r b (E(°\ si) A(u) 
be defined by evaluation; £«(/) = /(«)• 

Proposition 3.4. Let E be a principal and proper groupoid with a Haar system 
and (A, a) an E-dynamical system. 

(1) For <j> £ Co(E\EW) and f £ Indf <0> (A, a) define 

Q4f):u^0(E-u)f(u). 

Then <t>^Q^ defines a C (E\E^)-algeb ra structure on Indf (A, a). 

(2) For f £ Indf <0> (A, a) the map 



R:f* f\ E , 



induces an isomorphism R : Indf (A, a)(E-u) — > Indf j" (Tq(E-u, si), a). 



(3) The evaluation map e u factors to an isomorphism of Indf ( (A,a)(E ■ u) 
with A(u). 

Proof. For item ([I]) first observe that Ind(^4, a) is a closed *-subalgebra of the C*- 
algebra T b (E^°\ si) and hence is also a C*-algcbra. Next we prove that Ind(^4, a) 
is a C (£\£ (0) )-algebra. We show that Q is a nondcgcncratc *-homomorphism 
from C (E\E^) to Z{M{lnd{A,a))). 

We start by demonstrating that Q<p(f) £ lnd(A,a) for all / G lnd(A,a). It 
follows from straightforward computations that 

Oy(<W/)(*(7))) = Q4f)(r(l)) and ||Q*(/)(u)|| < |MU|/(u)||. 

This shows both that is bounded by \\4>\\oo and that the map E-u h-> ||Q0(/)(u)|| 
vanishes at infinity. Thus Q$(f) £ Ind(yl, a) and is a bounded operator 
on Ind(^4, a). Simple calculations show that is linear and adjointable with 
adjoint Q-r. Thus £ M(hid(A, a)). Since <f> is scalar valued, Q<j,(f)g(u) = 
4>(E ■ u)f{u)g{u) = fQ<j>{g)(u) so Q$ £ Z(M(Ind(A, a))) as desired. More simple 
computations show that <j) 1— > is a homomorphism. 
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To show Ind(A, a) is a Co(E\E^)-algebra it remains to show the map 4> Q<j> 
is nondegenerate. Pick / G lnd(A,a) and let e > be given. Since E ■ u i-> ||/(u)|| 
vanishes at infinity, the set K := {S-w G E\E^ : ||/(u)|| > e} is compact. Choose 
(f> € C C {E\EW) such that < <j> < 1 and <j> = 1 on K. Then 

i „ . . n . ... fo if £?-u G A" 

[\\f(u)\\ if E-u£K 

Hence the map 4> i-> (J^ is nondegenerate and so Ind(^/, a) is a Cb^V-E^^-algebra. 

For item @ consider the map / M> Routine computations show this 

defines a *-homomorphism R : Ind(A, a) — > lnd(To(E ■ u,g/),a). If / G Ind(A, a) 
and </> G C £ ,, (B\E(°»), then Q*(/)|js.„ = so 

Ie-u ■= C E . ufi {E\E^) ■ Ind(A, a) C ker(fl). (4) 

Thus i? induces a *-homomorphism i? from Ind(A, a){E-u) into Ind(To(iS-u, .e/), a). 
We show R is injective by proving ker(^) = Ie-u- By dU, it remains to show 
ker(fi) C /e.«. 

Let e > be given. Suppose that / G ker(ii). Then J\e-u = 0. Let K = {E ■ u G 
E\E^ : > e} and let U be the complement of K in E\E^°K By assumption 

E-u G U, and t/ is open since K is a compact subset of the Hausdorff space E\E^°\ 
Pick functions </>, -0 G C C (S\£; (0) ) such that < 0,0 < 1, supp(0) C U, 4>{E-u) = 1, 
and 0|if ee 1. Then (1 - 0)0 G C E -u.o(E\E^) and 

ll/(«)-Qri-<6W>(/)(0)ll < \° if E ■ v e R 
iim y v ( i wu/i ;n - lnj^ii if E -v£K 

Therefore / G Ie-u, giving Ie-u = ker(-R), and thus R : Ind(A, a)(E ■ u) —> 
lnd(r (E ■ u, a) is injective. 

To show R is an isomorphism, it remains to show it is surjective. Pick a function 
F G Ind(r (-E • u, £/),a) and consider F(u) G A(u). Let e > be given. By 
Lemma T3.31 there exists / G Ind(A, a) such that \\f(u) — F(u)\\ < e. For v G E ■ u 
there exists 7 G E u such that v = r( 7 ). Thus \\f{v)~F(v)\\ = \\f{r{i))-F(r(~f)) || = 
||a 7 (/(u))— a 7 (F(u))\\ < e. Therefore the image of R is dense in Ind(ro(-E-u, a) 
and thus R is surjective. 

For item (j3|), by Lemma f3.3[ the map e u : Ind(ro(-E • u,£?),a) — >• A(u) given 
by / n> f(u) has a dense range. It is straightforward to show that e u is a *- 
homomorphism. It is isometric since ||/||oo = ||/( w )|| for all / G hid(To(E-u, ot), 
and thus e u is an isomorphism as desired. □ 

Remark 3.5. To differentiate between the Co(i?\i? ( ' ' ) )-algebra Indf' (A, a) and 
the corresponding upper semicontinuous C*-bundle we will denote the upper semi- 
continuous C*-bundle by Ind|j a). 

Let E be a principal and proper groupoid and suppose (A, a) is an .©-dynamical 
system. Then [2] defines the generalized fixed point algebra Fix(A, a) to be the 
closed span of X(a*b) in M(A) for a, b G T C (E^°\ By Lemma[321 Fix(A, a) C 
Ind(A, a). In the following proposition we show that Fix(A, a) = lnd(A, a). 



3 Fix(A, a) is denoted A a in [2]. 
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Proposition 3.6. Let E be a principal and proper groupoid and (A, a) an E- 

dynamical system. Then the generalized fixed point algebra Fix(A, a) is equal to 
Ind| l0) (A,a). 

Proof. The proof of H Proposition 4.4] shows that Fix(A, a) is a C (E\E^)- 
subalgcbra of lnd(A,a). By Proposition 12.51 to show Fix(A,a) is all of Ind(A, a) 
it suffices to prove Fix(A, a)(E ■ u) is dense in Ind(A, a)(E ■ u) for every u £ 

Let g £ Ind(^4,a), u £ E^°\ and e > be given. Pick an approximate unit {ej} 
for A(u) and io large enough so that \\ei g(u)— g{u) \\ < e/2. Choose/ £ T C (E^°\ &/) 
such that f(u) = ej . Then \\f(u)g(u) — g(u)\\ < e/2. By Lemma T3.3I there exists 
V S C C (E^) such that ||A(V • (/<?))(«) (/ff)(«)|| < e/2- Thus ||A(V ■ (fg))(u) - 
g{u)\\ < e. Furthermore, since / and u t-> ip(u)g(u) are both in T c {EW,s4), 
A(V •(/<?)) £Fix(A, a). □ 

Remark 3.7. We identify Fix(A, a) with Indf ' (A, a). As with Indf ' ' (A, a) we de- 
note the upper semicontinuous C*-bundle corresponding to Fix(A, a) by Fix(^/, a). 

We next study the representations and pure states of Ind(A, a) by showing they 
come from representations and pure states of A. We will use this analysis in Propo- 
sition 15.81 

Let B be a C*-algebra and denote by P(B) the pure states on B, B the ir- 
reducible representations on £>, and Ab ■ P{B) — > B the map given by the 
GNS construction. That is, for r £ P(B) there exists a unit vector h such that 
r(a) = (As(r)(a)/i, h). If B is a Co(T)-algebra, let a B be the associated map from 
B to T. For i <G T let qt : -B — > £>(i) be the quotient map. Suppose ir £ B and 
t = <tb(7t). By [27l Proposition C.5] there exists a 7r t £ .B(t) such that n = ir t o g t . 
Thus 7r(a) depends only on the class of a in A(t). Similarly for r £ P(B) and 
i = o- b (A b (t)), 

r(a) = (A B {T)(a)h,h) = (A B (T) t (g t (a))M), 

so that r depends only on the class of a in A(t). It follows there exists Tt such that 
r(o) = T t (q t (a)). 

Let -E be a principal and proper groupoid and (^4, a) an .©-dynamical system. 
Recall that A must be a Co (£/'°) )-algebra. Suppose n £ A and let u = oa^). By 
[2"Tl Proposition C.5] there exists a tt u £ A(u) such that ir = n u o q u . For 7 £ E u , 

7 • 7r(o) := 7r„ o a^ 1 o g r ( 7 )(a) 

defines a continuous action of E on ^4 [Til Proposition 1.1]. 

Recall from Proposition l3.4l that Ind(^4, a) is a C (S\© (0) )-algebra and the eval- 
uation map e u : Ind(^4, a) — > A(u) induces an isomorphism of Ind(A, a)(E ■ u) with 
A(u). We can define a representation M(tt) of Ind(A, a) by 

M(w)(f)=w aA(n) (e„ A(n) (f)) (5) 

for / e Ind(^,a). Now M (7r)(Ind(A a)) = TT aA ^ } (A(aA(Tr))) = 7r(A). Thus, since 
7r is irreducible, so is M(ir). Similarly for r £ P(A), let v = a a ° A^(r). We can 
define a state on Ind(A, a) by N(t) = T v (e v (f)). It is straightforward to show that 

A Ind(Ata) (N(r)) = M(A a (t)), (6) 

which implies that N(t) is pure. 
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Our goal is to show that M defines a continuous, open bijection from E\A to 
(Ind(j4, a)) A . For this we first show N is continuous. 

Lemma 3.8. ./V is continuous for the weak-* topology. 

Proof. Suppose n —> t. By definition t, — > t if and only if Ti(a) — > r(a) for all 
a £ A. Pick / £ Ind(A, a). Define Vi = <j A o A J 4(r i ) and v = a a ° Aa(t). Since 
o~ A and Aa are continuous Vi — > v. Thus there exists a compact set K C such 
that {ui,v} C if. Pick £ C C (E^) such that </>|k ee 1, then f / e 4. Since 
4> ■ f(vi) = f(vi), we have {Ti) Vi (E Vi (<f> ■ /)) = {n)v t {e Vi {f)). Hence 

WfaX/) = (T,k(£„,(/)) = (T i )„ 4 (e„ 4 (0-/))=T i (0-/) 

->r(^-/) = (r) B ( et ,(/)) = JV(T)(/), 
so N is continuous. □ 

Lemma 3.9. For each n £ A define M(ir) : Indf <0) (A, a) -> B^H.^) as in ©. 
TAen M induces a homeomorphism of E\A to (Indf (A, a)) A . 

Proof. We showed above that M(w) is irreducible for ir G A. Note that M descends 
to a well defined map of E\A to (Indf (A,a)) A since 

M( 7 • tt)(/) = ( 7 • 7r) r(7) (/(r( 7 ))) = *r a(7 )K-i(/(r( 7 )))) 
= vr s(7 )(/( S ( 7 )))=M(7r)(/). 

We now show that M induces a bijection of E\A and (Ind(A, a)) A . To see M is 
surjective, suppose p is an irreducible representation on Ind(A, a). We can factor p 
to an irreducible representation of some fibre Ind(j4, a){E ■ v), transport it to A(v) 
via the isomorphism of Proposition 13.41 and then lift to a representation tt of A. 
Tracing through definitions shows that M(ir) = p. To see M is injective, suppose 
M(tt) is unitarily equivalent to M{p). Let u = 0^1(71") and v — <ja(p)- By definition, 
M(ir) = ir u o e u and M{p) = p v o e v . By [27l Proposition C.5], M(ir) and M(p) 
both factor to representations of some fibre Ind(A, a)(E ■ w). However, since the 
quotient map onto the fibre is given by restriction, the only way these statements 
can be compatible is if u, v £ E ■ w. Thus there exists a 7 £ E such that u = ,5(7) 

and v = r( 7 ); that is tt u £ A(s(j)) and p v £ A(r(j)). Since M(tt) is equivalent to 
M(p), there exists a unitary U such that 

7r s(7) oe s(7) (/) = Up rh) oe rh) (f)U* = Up rh) of(r(-f))U* = [/p r(7) (a 7 (/(s(7))))£T 

which implies that tt is unitarily equivalent to 7 _1 • p. Thus M induces a bijection. 

Since N is continuous by Lemma [3~8l and A Ind (^ iQ )(iV(r)) = M(Aa(t)) by (O 
we get that M is continuous as well. Finally we show that M is open. Suppose 

M(jTi) — > M(ir) in (Indf (^4,a)) A . Let Ui — ovi^i) and u = 0^4(71"). Since 
M(iTi) — > M(ir), a straightforward argument shows that E ■ Ui — > E ■ u. The map 
from E^ onto E\E(°> is open so we may pass to a subnet, relabel, and chose 
7i such that r(p/i) = 7* • Ui — > u. To prove % ■ 7r.; — >• 7r it suffices to show that 
if J is an ideal in A such that J £; ker7r then eventually J 5Z! ker7^ • m [2TJ 
Corollary A. 28]. Choose a £ J such that 7r(a) = ir u {a(u)) ^ 0. Let e = ||7r(a)||/4 
and use Lemma 1331 to find / £ Ind(A,Q!) such that — a(u)\\ < e. Since the 

norm on si is upper scmicontinuous the set {b £ : ||6|| < e} is open. Both / 
and a are continuous as functions on E^ ' so /(r(7i)) — a(r( 7i )) — > /(u) — a(u) 
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and this implies that, eventually, ||/(»~(7i)) — a(ji ■ < e. Next, observe that by 
construction M(w)(f) = ir u (f(u)) and that 

|||M(7r)(/)|| - |K(o)||| < \K(f(u)) - n u (a(u))\\ < \\f(u) a(u)\\ < e. 

Since e = [|vr(<x)||/4 this implies that ||M(7r)(/)|| > JiiML. We know from [2TJ 
Lemma A. 30] that the map p — > p(f) is lower semicontinuous on (Ind^ (0 ) (A, a)) A 
so the set {p : \\p(f)\\ > ||7r(a)||/2} is open. Since we assumed M(ji ■ 7Tj) — > M(ir), 
this implies that for large i 

l|M( 7i • 7r«)(/)|| = ||(7 8 • nh^if^i ■ "0)11 > IK(o)||/2. 
However, we also eventually have 

ll|Af( 7i • ^)(/)ll - H ' n(a)\\\ < ||( 7 , • T,) r(7() (/(r( 7 i))) - (7, • Ti) r(7t) (o(r( 7 i)))|| 

< ||/(r( 7 i))-a(r(7i))ll<e 

Therefore, for large enough i, ■ 7r,-(a)|| > 'i^^M an d j n particular a ^ ker7^ • 7rj. 
This suffices to show that eventually J <£_ kcr 7$ ■ vr,-, and thus M is open. □ 

Corollary 3.10. Let E be a principal and proper groupoid and (A, a) be an E- 
dynamical system. Then (4 x a E) A = E\A. 

Proof. Since E is principal and proper [5J Theorem 5.2] shows that (A, a) is a "sat- 
urated" i?-dynamical system. That is, Fix(A, a) is Morita equivalent to A x a r E. 
Now E is proper and hence amenable, so A x Qir E = A x Q E p] Corollary 2.1.7, 
Proposition 6.1.8]. Thus (A x Q £) A = (A » a>r E) A S Fix(A, a) A . But by Propo- 
sition l3"lfl Fhc(A,a) = lnd(A,a) and by Lemma \3. 91 Ind(^4, a) A = E\A; therefore 
(Ax a E) A = E\A. □ 

Remark 3.11. Note that E principal implies the isotropy subgroupoid of E is trivial; 
further E proper implies E\E^ ' is Hausdorff and therefore "regular" in the sense 
of [11]. Thus Corollarv l3.10l is a special case of pT] Theorem 2.22]. 

4. The Brauer semigroup 

Let E be a, second countable locally compact Hausdorff groupoid. As in [T2] and 
[13j we want to define a commutative binary operation on classes of .E-dynamical 
systems. In those papers the binary operation is induced by a balanced tensor 
product. In [13] they consider only those E'-dynamical systems (A, a) with A 
continuous trace, and hence nuclear. Thus |13j does not need to specify a particular 
tensor product. Since we are considering all (separable) _E-dynamical systems we 
must make a choice and so we follow |12j and use the maximal balanced tensor 
product introduced in [4] for compact spaces. The results from [4] can be easily 
extended to arbitrary locally compact Hausdorff spaces so we cite them without 
further comment. 

Let T be a second countable locally compact Hausdorff space, and A and B be 
Co(T)-algebras. Consider the ideal Jt of A ® max B generated by 

{{cj) ■ a) ® b - a (8 {<j> ■ b) : a G A, beB, <t> e C (T)}. 

We define the Co (T)-balanced tensor product by 

A® T B :=A® max B/J T . 
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The map cf>-(a<E>b) := {<f>-a®b) defines a Co(T)-structure on A®tB. Furthermore, 
if srf ®t8$ is the upper semicontinuous C*-bundle over T constructed from A®tB, 
then we have (A ® T B)(t) = A(t) ® max B(t) Lemma 2.4]. Note that if X is a 
locally compact Hausdorff space and q : X — > T is a continuous open surjection 
thcnCopO isaC (T)-algcbraandC pO® T yl = T (X,q*£/) [20l Proposition 1.3]. 

Let (A, a) and (B,f3) be E'-dynamical systems. Since a 7 : A(s( r y)) —} A(r(~()) 
and /3 7 : B(s{^)) — > B(r(^f)) are isomorphisms, we can use [2TJ Lemma B.31] 
to show that the map a 7 <g> /3 7 : A(s('j)) ® ma x B(s( , y)) -> A(r(-/)) (g> max B(r(^)) 
characterized by a 7 (g> /3 7 (a ® 6) = a 7 (a) <g) P-y{b) is an isomorphism. The argument 
on page 919 of [13] shows that the collection {a 7 <g> /3 7 } defines a continuous -En- 
action on A <g) B (o) -B. Lemma 2.4 of [12] implies that the Co (£ ,< -°- > )-balanced tensor 
product is an associative, commutative, binary operation on the set of S-dynamical 
systems. 

Definition 4.1 ( |13[ Definition 3.1]). Two E'-dynamical systems (A, a) and (B,f3) 
are equivariantly Morita equivalent if there is an si — ^-imprimitivity bimodule 
bundle which admits an action V of E by isomorphisms such that 

. W7 »(^(0,^(C)} =" 7 U w) (e,C» and (V 7 (0,V 7 (C)) fl(rW) =^(^C), W7)) )- 

In this case we will write (A, a) ~<z,v) (B, (3). 

Remark 4.2. If V) is an (A, a) — {B,f3) equivariant imprimitivity bimodule 
bundle then a computation shows that V 1 {a ■ z) = a 7 (a) ■ V 1 {z) and V^(z • b) = 
V 1 (z) ■ /3 7 (6). Furthermore, it follows from [TU Section 9.1] that the corresponding 
crossed products A x Q E and B y\p E are Morita equivalent. 

The proof of the following lemma is similar to the proof of [131 Lemma 3.2] and 
has been omitted. 

Lemma 4.3. Equivariant Morita equivalence is an equivalence relation. For an 
E- dynamical system (A, a) we denote its equivariant Morita equivalence class by 
[A, a}. 

Next we show that the balanced tensor product gives us a semigroup operation. 

Proposition 4.4. Let [A, a] and [B,f3] be equivariant Morita equivalence classes 
of E-dynamical systems. Then 

[A,a][B,0\:=[A® Em B,a®0\ (7) 
is a well defined commutative binary operation with identity [Co(E^), It] . 

Proof. Since ®e(o) is an associative, commutative, binary operation on i?-dynamical 
systems, it suffices to show that the multiplication in ([7]) is well defined. Suppose 
(A, a) ~(x,v) (C,$) and (B,f3) ~(y,w) (D,S). Then as in the proof of [Ml Propo- 
sition 3.6] we can define an imprimitivity bimodule bundle 3? with fibres given by 
the external tensor product X(u) ® Y(u) under the inner products characterized 

by 

AooasM ( x ® y > x ' ® y '} := am ( x > x ') b ( u) (y> y') and 

(x ® y, x' <8> y') := (x,x') <8> (y,y') 

The topology on iF is characterized by the condition that u n> f(u) ® is 
continuous for all / <E X, g G V. The continuity of the left and right actions follows 
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as in the proof of |13[ Proposition 3.6]. It remains to show continuity of the inner 
products. 

By symmetry it suffices to show the A® E (o) B valued inner product is continuous. 
Let Zi — > z and u>, — > w in J2f with p^{wi) = p^(zi) = Ui and p^{w) = P2?(z) = u. 
Let e > 0. Pick finite subsets J, K C X(u) x Y(u) such that ||z— J^-, y \£j x ®y\\ < e 
and \\w — Yl(x' y')eK x ' ® y'W < e - Let "» be ^ ne projection onto the z-th factor. 
For each x G 7Ti(J U X) pick f x £ X such that / x (it) = a; and similarly for 
each y £ iT2(J U if) pick 3 9 S F such that <? y (u) = y. By the continuity of f x , 
g y , and the inner products we have A(u ., (/ x («i), f x > («*)) -> AM (/»(«), /»'(«)) and 
B ( Ui ){9y( u i)i9y'( u i)} ~> BM {9y( u )i9y'( u ))- By the definition of the topology on 
^ (8jg(o) ^ we then get 

A®B (Ui ) (/* ® 9y(ui),f X ' ® 3y'K)) = a(„ 4) (fx(ui),f X '(ui)) (8 B( „.) (g y (ui),g y >(ui)) -> 

A M (fx{u)J x '{u)) ® BM {g y (u),g y >(u)) = A9BW (f x ®9y(u),fx' ®9y'{u)) 



Thus 



fx®g y {ui)i Y fx'®9y'{ui) 
\(x,y)e.J (x',y')eK I 



Y fx®9y(u), Y fx'®9y'( u ) 
\(x,y)eJ (x',y')eK I 



By the definition of the norms on Z(ui) and Z(u), and the Cauchy-Schwartz in- 
equality, we have 



AgB(™,) 



fx®9y(ui), Y fx' ®9y'(ui)J ~ a®b ( „ 4 ) (*«> ™«) 
\(x,y)£J (x',y')eK I 



< 26(||z||+6). 



Proposition ^. 21 now gives that AgB , , (zj, — >• _4 8B(ll) (2, Thus the (8>#(o) 
valued inner product is continuous as desired, and the multiplication in (|7|) is well- 
defined. 

Finally, showing [Co{E^ '), It] acts as an identity for this multiplication follows 
as in the proof of [Ml Proposition 3.6]. □ 



Definition 4.5. Let E be a locally compact Hausdorff groupoid. The Brauer semi- 
group, denoted S(E), to be the abelian monoid of equivariant Morita equivalence 
classes of i?-dynamical systems with the operation given in Proposition 14.41 The 
Brauer group is the set Bi(E) = {[A, a] £ S(E) : A has continuous trace}. 

Remark 4.6. Lemma 6.6 of [12] states that A ® B (o) B has continuous trace with 
spectrum E^ ' if and only if A and B have continuous trace with spectrum E^ . 
Thus if [A, a] is invertible, then A must have continuous trace with spectrum E^ ' 
and therefore be an element of the Brauer group Br(i?). Conversely, if A has 
continuous trace with spectrum E^ ' then [A, a] £ Br(E) and [13l Theorem 3.7] 
says [A, a] is invertible. That is, the invertible elements of S(E) are precisely those 
in Br(.E). 
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5. Main Theorem 

Throughout suppose G and H are second countable locally compact Hausdorff 
groupoids with Haar systems {Ag.} ugG <o) and {A^} MgH (o), and let X be a (G,H)- 
equivalence [151 Definition 2.1]. In particular G and H act freely and properly on 
the left and right of X, respectively, and rx '■ X — > and sx '■ X — > G' ' 

induce homeomorphisms G\X = and X/H = G^°\ respectively. We can 

define a transformation groupoid G x X x H := {(-f,x,r]) £ G x X x H : roil) = 
rxWjSx^) = r H{il)} associated to this equivalence whose topology is given by 
the relative topology and whose operations are defined by 

r(7, x, rj) = x s{^,x,rj) = "f~ l xn 

The transformation groupoids G k X and X x H embed naturally in G x X x H by 
(7,2;) H> (7, x, sx (x)) and (x, 77) H> (rx(i), a;, 77), respectively. We identify G x X 
and X x H with their image under these embeddings. 

Suppose (A, u>) is a G x X x iJ-dynamical system. Then uj g :— uj\g k x and 
uj h := uj\xxh are continuous actions of G x X and X x H on A, respectively. 
Furthermore, since both sides are equal to uj^ x ^, we have 

G H H G /o\ 

The next proposition shows that every action of G x X x H arises in this way. 

Proposition 5.1. Let A be a Co(X)-algebra and X a (G, H) -equivalence. Then 
A admits a G x X x H action u> if and only if there exists actions ui G and uj h of 
G k X and X x H on A that satisfy equation (j8|) . 

Proof. The only if part was shown above. Suppose that A admits actions u> and 
uj h of G x X and X x H that satisfy equation ([8]). Define oj^ x ri ^ :— u>9 x s o 

lo¥ -i x v y Using ([8|) one can show that ui is well-defined and respects the groupoid 
multiplication. It is an isomorphism of the fibres and continuous since ui G and oj h 
are. □ 

Let (A, a) be an _H-dynamical system. Then s x A is a Go(X)-algebra and we 
can define maps 

s *x a (i,x,ri) ■ s* x Ml~ lx v) -> s *x A ( x ) b y (l~ lx V, a ) ^ (x,a v (a)). 

We show in Proposition 15.31 that s* x a defines a continuous action of G x X x H 
on s* x A. Similar statements hold for G-dynamical systems and rx- Our goal is to 
prove the following theorem. 

Theorem 5.2. Suppose G and H are second countable locally compact Hausdorff 
groupoids with Haar systems and X is a (G, H) -equivalence. Then the following 
statements hold. 

(1) The map [B,f3] 1— > [s x B, s x P] defines an isomorphism v X H : S(H) — > 
S(G k X x H) such that s* x B x s - p (G x X x H) is Morita equivalent to 
BxpH. 

(2) The map [A, a] i-> [r* Y A, r* x a] defines an isomorphism v XG : S(G) — > 
S(G k X x H) such that r* x A xi r » a (G x X x H) is Morita equivalent to 
A x„ G. 
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(3) The map v x = (v X ' G ) 1 o v X H defines an isomorphism from S(H) to 
S(G) such that if v x ([B,(3}) = [A, a] then A x Q G is Morita equivalent to 
B X/3 H. 

To prove Theorem 15.21 it suffices to to prove item (pj since the others will follow 
by symmetry. To do this we will first analyze v x,H and then define an inverse. 

5.1. The map v X ' H and its properties. Let 3f be an upper semicontinuous 
Banach bundle over Z = T (H^,2f), and consider s* x 3f. Define s* x Z := 

T (X,s x 3f). 

Proposition 5.3. Let 3f be an upper semicontinuous Banach bundle over ana 
V a continuous H action on Z . For (7, x,rj) G G K X X H and (7 xrj 1 z) £ s x 
define 

(sx^h^^h^xri, z) := (x, V v {z)). (9) 

Then {(s x V)^ tXiT] ^} is a continuous G X X x H action on s* x Z. In particular, 
if (A, a) is an H-dynamical system then {s x A, s x a) is a G k X X H-dynamical 
system. 

Proof. This proof is relatively straightforward and the details have been omitted 
for brevity Algebraic computations show that s* x Vu, >xr .) is an isomorphism and 
that s* x V respects the groupoid operations. The continuity of s* x V follows from 
the continuity of V and an application of Proposition ^. 21 □ 

Hence v X ' H defines a map from ii/-dynamical systems to G k X x _ff-dynamical 
systems. We show in the next proposition that v X ' H descends to a map on equi- 
variant Morita equivalence classes of 7?-dynamical systems. 

Proposition 5.4. Let X be a (G, H) -equivalence and (3f,V) an equivariant im- 
primitivity bimodule bundle between the H-dynamical systems (A, a) and (B,/3). 
Then (s x 3f, s* x V) is an equivariant imprimitivity bimodule bundle between the 
G\/.X x H -dynamical systems (s x A, s* x a) and (s* x B, s x (3) where the inner products 
and actions are defined as follows 

(x, a) ■ (x, z) := (x, a ■ z) (x, z) ■ (x, b) := (x, z ■ b) 

for x € X, z,w £ Z(s x (x)), a S A{sx{x)) and b £ B(sx(s)). 

Proof. By the definition of s x ^, each fibre of s* x 3f is isomorphic as a Hilbert 
bimodule to a fibre of 3? and therefore is an imprimitivity bimodule. To show that 
s* x 3? is an imprimitivity bimodule bundle it remains to show that the actions and 
inner products are continuous. However, this follows quickly using the continuity 
of the actions on .2°. Finally, straightforward computations show both 

{ s x a )h,x, v ){ s , xA{ ^ ljlli) {{l~ 1 xr ll z) 1 { 1 - 1 xr] 1 z'))) 

= s * x A(, ) (( s xV)h,x,r,){l~ 1 xii,z),(s x V) h ^^ } (j- 1 XTj,z')) and 

{s* x (3){ 1 , x , v ){({l' 1 x-q,z) 1 {- 1 - 1 xr] 1 z')) ) 

= {(sx^h.x.^d^xv, z), {s x V) {lyX>r)) {"f- 1 xr ll z')) s , ^ . □ 
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Proposition 15.41 shows that v X H descends to a well-defined set map S(H) — > 
S(G xi X K H). Next we show that v X H is a semigroup homomorphism. 

Proposition 5.5. Let (A, a) and (B, (3) be H-dynamical systems. 



(1 ) The map $ : s* x srf ® x s* x i 



(stf £$) characterized by 



<I> : (x, a) (g) (x, b) h> (x, a <g> b) 
is an isomorphism intertwining the groupoid actions (s x a) <8i x (s x /3) and 



-(a 



(2) We have [s x A,s x a}[s x B,s* x 0\ = [s* x {A® H{0) B),s x (a® H ( 0) j3)]. That is, 
v x,H j s a l lomomor pf l i sm f Brauer semigroups. 

Proof. Recall from Section @] that 



(s* x A® x s* x B)(x) 



A(x) (g> s* x B(x) and 



A(s x (x))®B(s x (x)) = (A® hW B)(s x (x)). 

Furthermore (x, a) H ► a is an isomorphism from s x A(x) to A(s x (x)) and similarly 
Sx-B(a;) =B(sx(ar)) and s* x {A(g> H{0) B)(x) = {A® H{a) B){s x \x)). Thus for a fixed 
x the map [x, a) ® (x, b) <— > (x, a <S> 6) is the composition of isomorphisms 

(s* x A ® x s* x B)(x) -> ® -> 4(sx(x)) ® B(s x (x)) 

-> (A® H (o) B)(s x (x)) -> s^(A ® H(0 ) B)(ar). 

Therefore $ is an isomorphism on the fibres and hence bijective. Thus to show 
is an isomorphism we need to show that 4> and <3> -1 are continuous. The continuity 
of $ follows from an application of Proposition ^. 21 The argument is similar to the 
one given below and will not be reproduced here. 

To see is continuous, suppose (xi,Zi) — > (x,z) G s* x (s? ®#(o) 3§). Let 
e > be given and pick a finite subset I C A(sjf(x)) x B(s x (x)) so that we 
have || X)( a 6)e/ a ® ^ ~ Z H ^ e - Let ^c * ne projection onto the i-th factor. For 
a G 7Ti(I) and G 7^(7) pick functions / a G A and (ft, G 5 such that f a (s x (x)) = a 
and gb(s x (x)) = b. Now choose a compact neighborhood A' oi x £ X and a 
function G C C (X) such that 0|x = 1. The maps F a ^ : y (y, 4>(y)fa(sx(y))) <8> 
(y, 4>(y)gb(sx(y))) are continuous and compactly supported and thus are in s* x A® x 
s* x B. Hence 



E 

(a,b)Gl 



F a ,b{xi) 



E 

{a,b)el 



F a .b{x) = ^2 ( X ' a ) ® ( X > b ^ 
(a,b)£l 



To show <& 1 (a;.i,z.i) — > <£> it suffices to show <& 1 (xi,Zi) is eventually 

close to J2( a b)ei Fa,b{xi) by Proposition 12.21 Note that since A is a compact 
neighborhood of x and = f we eventually have 

F a ,b(Xi) = {Xi,f a (s X (Xi)))®(Xi,g b (s X {Xi))) = <J>~ 1 {x t , f a (s x (a?* )) <g> g 6 (sx (a?i)))- 
Since / a and are continuous, for large enough i 



< e. 



(Xi,fa(s X (Xi)) ® gb{sx{x t ))) - Zi 

(a,b)el 

Again since $ is an isomorphism of the fibres, we eventually have 



(a,b)el 
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$ 1 (xi,fa(sx(x i ))®g b (s x (x i )))-<f> 1 (x i ,z i ) 

(a,b)Gl 



(xi,f a (sx{xi)) ®gb(sx(%i))) -Zi 



< e. 



So Proposition 12.21 shows that — > &~ 1 (x,z) and <I> _1 is continuous. 

It remains to show that $ intertwines the actions. This follows from a com- 
putation on elementary tensors. Part ^ of the proposition follows from part ([1]) 
since 

[s* x A, s* x a] [s* x B, s* x l3] = [s* x A ® x s* x B, s* x a ® x 4^1 

= [s*x ( A ®hCo) B),s* x {a ® H( o) /?)] . □ 

5.2. The Generalized Fixed Point Algebra. The inverse of v x,H will be con- 
structed using the generalized fixed point algebra. Let (A,uj) be a G k X x H- 
dynamical system. Since G acts freely and properly on X, G x X is a principal 
and proper groupoid. Thus we may construct the generalized fixed point algebra, 
Fix(A,w G ) Proposition 4.4, Remark 3.10]. By Proposition [3~6l Fix(A, w G ) is 
equal to Ind(A,w G ). We denote both by Fix G (A). Since sj : X — > descends 
to a homeomorphism of (G k X)\X with by Proposition 13.41 Fixn(A) is a 

C* (ff (0) )-algebra with fibres Fix G (A)(u) = Ind(r (s x 1 (M), .t/), a). 

More generally, let 3? be an upper semicontinuous Banach bundle over X en- 
dowed with a continuous G x X x H action V = {VL^)}. We can define actions 
V G and V H of G X X and X X H on by restriction. Let Z = T {X, Define 
Fix G {Z) := Ind(Z, U G ). Consider the sets 

Fix G (Z)( U ) := {/ e r 6 ( S -»,iF) : ^(/(t"^)) = /(*)}• 

For a; € s^ 1 ^) the evaluation map : F\x G (Z)(u) —> Z{x) is isometric since 
s x \u) = (G x X) ■ x for some x G X and ||/( 7 z)|| = ||V G e) (/(*)) || = 
Consequently, has a closed range and it then follows from Lemma 13.31 that e x is 
surjective. In other words, e x : Fix G (Z)(u) — » Z{x) is a norm preserving isomor- 
phism. We can then put a topology on Uueir(°) ^^ x g{Z)(u) using Proposition 12.61 
and the sections u n- F\ s -i,s for F G Fix G (Z). Denote |J«eJ?co) Fix G (Z)(u) 
equipped with this topology by Fix^i?"). Using Proposition 12.51 and Lemma \'S. 31 
Fix G (Z)=T (H^,Fix G (Tj). 

Proposition 5.6. Let £tf be an upper semicontinuous Banach bundle over X and 
V a continuous action of G x X x H on Z . For r) G H and f G Fix G (Z)(s(ri)) 
define 

Fix G (V) v (f)(x) ■= V ( l v) (f(x V )) = V^^ifixT))). (10) 

Then Fix G (V) is a well-defined continuous action of H onFix G {Z). In particular, if 
{A, u>) is a GxX x H -dynamical system then (Fixe (A), Fixc(u;)) is an H -dynamical 
system. 

Proof. Suppose rj G H and / G Fix G (Z)(s(r/)). We first show Fix G (V) v (f) G 
Fix G (Z)(r H (?])). Since supp(/) C s x 1 (s H (r])) w e have supp(Fix G (]/),,(/)) C 
s x 1 ( r ^( 7 ?))- We know Fix G (V) ri (f) is continuous since V and / are continuous. 
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It is bounded since / is bounded and Vr rx (x),x,t)) is a norm preserving isomorphism 
for all x G s^r 1 (r h (r])) . Lastly 

^)(Fix G (y) I) (/)( 7 - 1 ^)) = VfaVfi-^f^xT,)) = V^V^ifi^xri)) 

= V ( l v) (f(x V )) =Fix G (V) v (f)(x). 

Thus Fixc(V) r) (f) G Fixo(Z)(rH (?])) . It follows from routine computations that 
each FixG(V),j is an isometric isomorphism and that FixG(V) preserves the groupoid 
operations. 

It remains to show that Fixcf^) is continuous. Suppose r)i — > r/o and ft G 
Fix(Z)(s{ m )) such that ft -> /„. We need to show Fix G (V% (/,) -> Fix G (F), )0 (/ ). 
It suffices to show that every subnet has a subnet converging to FixG(V) ri0 (fo). 
Pass to a subnet, relabel, and pick xo G s^ 1 (r (r?o ) ) and F G Fixc(^) such that 
F \s- 1 (r(r 10 )) = F ™G(V) Vo {fo)- Since s x is open we can choose Xj G s^irsiVi)) sucn 
that x, — > xo- It follows from an application of Proposition 12.21 that fi{xii]i) —> 
fo(xoVo) m 3? • Thus by the continuity of V, 

F\x G (V) m {f l ){x i ) = V( rx ( Xi ) iXum )(f(xi<r)i)) -> 

(f(xoVo)) = Fix G (l/)^ (/ )(x ). 

Let e > 0. It follows from the definition of the topology on 2f and the continuity 
of F that eventually \\F(xi) — Fix G (V) rli (/j)(xj) || < e. Since V(Z x a i s a norm 
preserving isomorphism we have, for large i and for all 7 G (rx(xj)) , that 

WVfi^Fixi)) - V { l x ^Fix G (V) rh (f t )(x t ))\\ < 6. 

Because F G Fixc(Z) and Fixa(V) Vi (fi) are in FixG(^)(r(?7i)), this implies that 
WFls-^imim)) ~ Fix G(^ / )')i(/4)lloo < e eventually. Another application of Proposi- 
tion 12.21 now shows FixG(V) w (/i) — > Fixc(y)^ (/□) as desired. □ 

We need to show that Fixe induces a well-defined map on equivariant Morita 
equivalence classes. For this we use the next proposition. 

Proposition 5.7. Let X be a (G, H)- equivalence and (l2?,V) an equivariant im- 
primitivity bimodule bundle for G k X XI H -dynamical systems (A, a) and (B,/3). 
Then (Fix G (3f), Fix G (V)) is an equivariant imprimitivity bimodule bundle for H- 
dynamical systems (Fixq(A), Fixc(a)) and (Fixc(.B), Fix(/3)) where the left and 
right actions and inner products are defined by 

Fix G( A)(») ( z > w) :=x^ AW (z(x),w(x)} (z, w) Fixg(b)(u) := x H- {z(x),w(x)} bm 
a ■ z := x M> a(x) • z(x) z • b := x i-> z(x) ■ b(x) 

for u G # (0) , x G s^W, a E A, b e B and z,w E Z . 

Proof. First note that Fixc{V) is a continuous action on Fixa(Z) by Proposi- 
tion [ITU Also F1xg'(2')(m) = Z(x) for any x G s^ 1 ^) an d the Hilbert bimodule 
structure on Fixc(^)(u) is the one pulled back from Z{x) under this isomorphism. 
Thus each fibre of F\xa{2f) is an imprimitivity bimodule. To show that Fix^ 3f is 
an imprimitivity bimodule bundle it suffices to show that the operations are con- 
tinuous. By symmetry it suffices to show that the Fixc(^) action and Fix^t^) 
inner product are continuous. We show only the continuity of the Fixq(£/) action. 
The proof of continuity for the inner product is similar. 
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Suppose at — > ao and Zi —> zq in Fix G (.e/) and Fix G (iF), respectively. Let e > 
and define Ui = p(cii) = p(zi) for all i. Pick a G Fix G (^4) such that o,\ s -i^ Uo ^ = ao 
and z G Fix G (Z) such that z\ s -i^ Uq ^ = z$. Since a| s -i(„.) and ai both converge to ao 
in Fixc( I 0^) we must eventually have ||<Zj — fllg- 1 ^.) || < e - Similarly, we eventually 
have \\zi — ^| s - 1 ( Ui ) || < e - Notice this also implies that for large i 

IKII < Ik II + 1101.-1^) II <c + HI 
so that { || aj ||} must be bounded by some M. Finally, observe that 

a \s-\ Ui ) ■ Z \s~ x \u % ) = (« • z )\s-\u z ) "> (« ' z )L~ 1 («o) = °o ' *o- 
We may now compute for x G s^ 1 (iti), 

IKa-^lg- 1 ^)^) - z i( x )\\ 

< \\a(x) ■ z(x) — cti(x) ■ z(x)\\ + \\a,i(x) ■ z(x) — o,-(ar) • Zj(a;)|| 

< IK^K) -«illl^L-ll + HIIIM^K) - < e||«|| + Me. 

Hence ||(a' 2: )| s - 1 ( u .) — Oi"^i|| is eventually small and we can now use Proposition l2.2l 
to conclude that a% ■ Zi — > a ■ z. Finally, the following identities can be verified with 
a brief computation: 

Fix G (a) n ( FixG(A)[sM) (z,w))(x) = FixG(A)(r(i7)) (Fix G (V r ) I) (z),Fix G (V r )^(w)} (x) 
Fix G ((3U(z,w)^ G{B)is( J(x) = (Fi XG (VUz),Fix G (VUw)) FixG(B){rM) (x). □ 

5.3. An isomorphism of Brauer Semigroups. In this section we show that 
v X H and Fix G are inverses. We begin by showing v x,H o Fix G = id. 

Proposition 5.8. Let (A,to) be a G x X xi H -dynamical system. Then the map 
characterized by 

T(x,f) := f(x) for f G Fix G (A)(s x (x)) 

defines an isomorphism from s x Fix G (.s/) to si . Furthermore, T intertwines the 
action s* x Fix G (w) with to. 

Proof. Suppose (A,uj) is a G x X x //-dynamical system. By [20j Proposition 1.3] 
s* x Fix G (A) = T (X, s* x Fix G (^)) = C (X) ® G \ X Fix G (A). 

For the first statement, we define a Co(X)-linear isomorphism T : s x Fix G (A) — > A 
whose associated isomorphism of upper semicontinuous C*-bundles is T. Consider 
the map 

f : C (X) ® G \ X Fix G (A) -)■ A characterized by f (0 <g) f)(x) = 4>{x)f{x). 

Then T defines a Co(^)-lincar *-homomorphism. By comparing on elementary 
tensors we see that f{F)(x) = F(x)(x) = T(x,F(x)) for F G T Q (X, s* x Fix G (^)). 
Therefore the map of s x Fix G (A) induced by T is T. 

Let B be the image of T. By definition C (X) ■ B C B C A. Pick x G X and 
a G Given e > 0, Lemma [3731 implies that there exists an F G Fix G (A) with 

\\F{x) - a\\ < e. Pick <f> G C C (X) such that <j>{x) = 1 then f (<j>®F)(x) = F(x). 
Thus Proposition 12.51 implies B is dense in A and therefore T is onto. 
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To show that T is injective we show it preserves norms. If F G s x Fixe (A), then 
||T(F)|| = S up||7r(f(F))|| =max sup^ ||vr o & (T (F))\\ 

= max sup \\ir(F(x)(x)) \\ = max sup 1 1 7r o e x (F(x))\\ 

■k£A(x) itGA(x) 

= max sup \\M(iroq x ) G . x (F(x))\\. 

x ^ x T7~\ 
tt£A(x) 

By Lemma 1531 {M(n o q x ) G . x : tt g A(x)} = (Fix G (A)(s x (x))) A , and therefore 
||T(F)|| = To sec T intertwines the actions is a computation which we 

omit. □ 

Next we show Fixe ov x - H = id. 

Proposition 5.9. Let (A, j3) be an H -dynamical system. The map 

\& '. a i ^ (x i y (x,a(s x (x)))) 

defines an isomorphism from A to Fix G (s x A) that intertwines (3 and Fhic(s x f3). 

Proof. For a £ A, the map u i— > a(u) is continuous and bounded into so the map 
x i — y (x,a(sx(x))) is continuous and bounded into s x £/. Furthermore, 

( s x^)°^)(7 _1 a;,a(sx(7 _1 a;))) = s* x (3 hiXtSx{x)) (^ 1 x, aisx^x))) 

= (x, a(.sx(7 _1 ^))) = (x,a(s x (x))). 

Since u M- a(u) vanishes at infinity and ||(x,a(sjf (x)))|| = ||a(sx(^))||, the map 
G ■ x i-> ||(x,o(sx(a;)))|| vanishes at infinity too. That is x \- > (x,a(s x (x))) G 
Fixc(s x A). By definition the map * is C*o(i? (0) )-linear and maps onto the fibres. 
Thus by Proposition 12.51 ^ is onto. The map 'J' is isometric since both norms are 
supremum norms. Thus vff is an isomorphism as desired. 

Since \I/ is an isomorphism of the section algebras it induces an isomorphism of 
the upper semicontinuous C*-bundlcs. From the definition of <J>, the corresponding 
bundle isomorphism sends a G A(u) to the map s^(u) —> given by x M> (x, a). 
It follows from a brief computation that the isomorphism is equivariant. □ 

5.4. Morita equivalence. Let E be a principal and proper groupoid and (A, a) an 
-E-dynamical system. Theorem 5.2 of [5] says that (A, a) is saturated with respect 
to the subalgebra C C (E^)-A = T c (E(°\sf). By [2j Definition 5.1] this means that 
r c (£ , '°' , &/) with actions and pre-inner products given by 

ax p ,(/-S> (7,*0 :=/(r(7)K(ff(*(7)n 

(f>9) mM («) := / a 7 (f(s( 7 )y 9 (s( 7 ))) dXl(j) 



F-f(u):= / F( 7 )a 7 (/( S ( 7 ))) d\ u E ( 7 ) 
Je 

f ■ m(u) := f(u)m(u) 

for F G T c (E,r*sf), f,g G F c (E < -°\ gf), and m G Fix(A, a) completes to an A x\ r 
E - Fix(A, a) imprimitivity bimodule IMP (A, E, a). We will denote IMP(A, E, a) 
by IMP(A) when the action is clear from context. Note that since E acts properly 
on E( \ E is topologically amenable [TJ Corollary 2.1.7] and thus measurewise 
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amenable by [U Proposition 3.3.5] so that Axi ria E = A» a E [IJ Proposition 6.1.8]. 
Thus we only need to consider the full crossed products. 

If C is an invariant closed subspace of E^ then E\c is also a principal and 
proper groupoid. So (A(C), E\c , a) is a saturated proper dynamical system and 
we get that IMP(^4(C)) is an A(C) xi E\ c - Fix(A(C),a) imprimitivity bimodule 
as above. Define 

iF:= TMP(A(E-u)) 

E-ueE\E(°) 

and let p^ : 3? —5- E\E^ ' be the obvious map. Since IMP(A(E ■ u)) is the comple- 
tion of the section algebra T C (E ■ u, IMP (.4) is the completion of r c (i? (0) , &/), 
and the map / H> f\ E . u from Y C (E^\ a/) — > T C (E ■ u,s&) is onto, we can con- 
sider T C (E^°\ £/) as a dense subalgebra of sections of 3f and use T C (E^°\ &/) as in 
Proposition 12.61 to define an upper scmicontinuous Banach bundle structure on 3f. 
In the next proposition we reconcile the imprimitivity bimodules 1MP(A(E ■ u)) 
and IMP (A) by showing r (£\£ (0) , 3T) = IMP (A). 

Proposition 5.10. Suppose E is a principal and proper groupoid, (A, a) an E- 
dynamical system, and 3f as above. Then To(E\E^ \ 3f) is an A x E — Fix(A, a) 
imprimitivity bimodule and the map l : IMP(^) ->■ r (E\E(°\2f) characterized by 

f^.f\ E -u for f er c (#y) and u G £ (0) 

defines an isomorphism oflMP(A) andTo(E\E^°\ 3f) as imprimitivity bimodules. 

Proof. By Proposition 4.2], A x) a E is a Col^i^^-algebra, the map F i-> 
F\e- u extends to a surjective homomorphism from A x E to A(E ■ u) xi E\ E . U , and 
A(E ■ u) xi E\e- u is isomorphic to (A x a E)(E ■ u). Furthermore, by Proposition ^. 61 
we know Fix(A(E ■ u)) = lnd(A(E ■ u)), which by Proposition [3]4] is isomorphic to 
Fix(A)(E • u). By construction 2f is an imprimitivity bimodule bundle. Under the 
above identifications, Proposition 12.91 implies that To(E\E^°\ 3f) is an A X E — 
Fix(A) imprimitivity bimodule with actions and inner products given by 

A » aB (f,g) (E ■ u)( 7 ) := f(E ■ r^r^a^E • r( 7 ))( S ( 7 ))*) 

(f,g)^(E-u)(u):= f a y (f(E ■ u)(s( 7 ))*#(i? • u)(s( 7 ))) dX^^) 



' Fix (A) v ' ) E 



F-f{E-u)(u):= / F\ E . u ( 7 )a 7 (f(E -u)^))) d\ E ( 7 ) 

JE 

f ■ m(E ■ u)(u) := f(E ■ u)(u)m\ E . u {u). 



By the definition of the topology on 3f, (,(/) G T Q (E\E^\ 2?) for all / G 
r c (i?( ), .k/). Using the Tietze extension theorem for Banach bundles [17l Propo- 
sition A. 5], l maps onto each fibre of Fq(E\E^°\ 3f) and therefore t is onto by 
Proposition [23] Furthermore, 



AxE (f,g) (E ■ tt)( 7 ) := /(r( 7 ))a 7 ( 5 (s( 7 ))*) = A(B . u)>flB|E . ti W/), i(g)) ( 7 ). 

Thus /, preserves left inner products and therefore is norm preserving. It follows 
that i is injective and hence bijective. Showing i preserves the actions and the right 
inner product is similar. Thus l is an isomorphism of imprimitivity bimodules. □ 
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Let (A, oj) be a Gk X xi //-dynamical system. Then A» u1 g(G!kX) is a Co(H^)- 
algebra by [3 Proposition 3.5] and there exists an action oj h of H on A x^g (G x X) 
[31 Proposition 3.7] characterized by 

u"(f)(~f,x) := u> {rx{x)tX!fl) (f(j,xr])). 

We use Proposition 15. 101 in the next lemma to define an action on IMP (A) that 
implements an equivariant Morita equivalence between (A xi^g (G k X),oj h ) and 
(Fix G (A), Fix G (w)). First, recall that G\X is homeomorphic to so that for 
each u S there exists x £ X such that s^ 1 (u) = G ■ x. 

Lemma 5.11. For each rj € i?, i/ie map V n : r c (G • xn, s/) — > T C (G • x, given 
&y V v (f)(y) = ^My),y,rf\{f{y r i)) extends to an isomorphism of IMP (A(G ■ xr/)) — > 
IMP(A(G • x)). Furthermore, {V^} defines a continuous action of H on IMP(yl) 
such that 

X (O ..,, O , ..<^(/)»^(ff))=<(A C0 .« I ),O, o . w ,(/»ff)) md (11) 

(K 7 (/) J K 7 (5)) Fixo(A)(c . iB3 =Fix G (a;),((/, fl ) FfaG(AKG ^). 

Proof. Since / is continuous and compactly supported and oj is a continuous action 
Vq(f) is continuous and compactly supported and is thus in r c (G • x, srf). The two 
algebraic conditions in (TTT1) follow from some mostly painless computations which 
we omit for brevity. It follows from (|11[) that 

II^C/)!! 2 = l! (A . (G ^ )KG .^<n(/),K ? (/)> II = ll^( CA x< G ^) KG .„, </,/>)ll 

II (Ax (G XI X))(G -xt/) (f,f)\\ = ll/ll 2 

so that Vrf preserves the norm on r c (G ■ xr],s/) and therefore extends to a *- 
homomorphism of IMP(A(G • xr))) into IMP(A(G • x)). Finally, some more algebra 
shows that V n is an isomorphism and it preserves the groupoid operations. 

To show that V n is an action we need to show that it is continuous. Suppose that 
rji — ► f]o and Zi — > z, in Sf , Let Vi = r(r)i) and choose Xi so that G ■ Xi = s~^(vi). 
To show that V m (zi) —> V Vo (zq) it suffices to show that every subsequence of V Vi (zj) 
has a subsequence converging to V no (zo). It follows from (yet another) application 
of Proposition [2721 that, after passing to a subsequence and relabeling, it suffices to 
prove V m (F\ G . Xi ) -> V V0 (F\ G . X0 ) for all F 6 T c (X,st). 

So let F e T C (X, &/). We first suppose that r(%) = «o eventually. Then 

Il^^lcj-^^FI^JH 2 

= II <V W (F| G . X4 ) - V V0 (F\ G . X0 ),V Vi (F\ G . Xi ) - V V0 (F\ G . X0 )} (y)\\ 
for any y £ s^fyo) 

u%,v)((V Vt ( F \G-* i )('Y- 1 v) - K, (F| G . ;co )( 7 - 1 y ))*(K, I ( J F| G . ;El )(7- 1 y) 

-K )0 (F| G . :C0 )(7- 1 2/)))dA G (7) 

r w (7,y^x(y))( w ( S (7),7- 1 a,'; I )( i;l (7" 1 y^)*- F (7~ 1 2/^)) 

~ W( s ( 7 ), 7 -i y ,r )0 ) (F(7~ 1 y?7 ))*a; (s(7)i7 -i, y ^ ) (F^yrji)) 



a 



L 



(^(7 y7i)*) w ( S (7) 
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+ UJ (s(~ f ),~f- 1 y,vo)( F (l 1 yvo)*F(j 1 ym))) dX y G (7) 
^ / IN^),7-Vw)(- F ('T 1 OTi)) - w ( s ( 7 ),7- 1 y.r»)( i? (7~ 1 Wo))||||-F 1 (7" 1 OTi)ll 
+ ll w ( s (7),7- 1 y*)( F (T" 1 ^)) 

-^K7), T -^o)( F (7~V?o))||||^(7~V?o)|| ^(7). 

The integrand is zero unless cither r )~ 1 yrji or 7 -1 y?/o is hi supp (F). Since {yrji} is 
compact and the action of G on X is proper, A' = {7 : {j^yrji} C\ supp(.F) ^ 0} is 
compact; thus 

\\V m {F\G. Xi )-V m {F\ G . XQ )f 

^ / 2 ll w ( s (7),7- 1 y.')0( F (7~ 1 OTO) - w ( s (7),7- 1 a-w)( F (7" 1 OTo))||||i ;l ||x K (7) ^g(7)- 
The integral goes to zero since the continuity of u> implies 

ll w (s(7),7- 1 y,'; I )( i;l (7" 1 y^)) - w (s ( 7 ), 7 -i y , I)0 )(i ;l (7" 1 y?7o))|| -> 

and A y (if) < go. So in this case V Vi (F\a- Xi ) -> Ky (^|g-k )- 

Next suppose that r(??i) 7^ «o frequently. Since r(r/j) — > Vo, we can choose a 
subsequence and relabel to assume that r(rji) ^ r(rjj) for 77, 7^ jy^. Let C = {r(r]i)} 
and D = s^}{C). Note that both G and D are closed since G is compact and sx 
is continuous. Dchne a function l : D — > N by = i if and only if sx{x) = r(rji). 
Standard arguments show that 

F (x) := ^(r{x),x,r,, M )( F ( x Vi(x))) 

is in T C (D,£/). By jTTJ Proposition A. 5] there exists an J e T c (X,g/) such that 
F\d = Fq. By the definition of the topology on if, J 7 is a continuous section. So 

V m (F\ G . Xi ) = F \ s -i {r{m)) = -^L-Vfe)) ~^ -^I^Cr^o)) = v no{ F \G-x ) 
and thus V is continuous. □ 

The payoff of Lemma 15.111 is the following theorem, which gives us an "imprim- 
itivity" type result for the map Fixe. 

Theorem 5.12. Suppose G and H are second countable locally compact Hausdorff 
groupoids with Haar systems and X is a (G, H)- equivalence. Suppose (A, uj) is a 
G x X k H -dynamical system. Then A x w (G x X K H) is Morita equivalent to 
Fix G (^4) XFi XG M H. 

Proof. By Lemma [5.111 V is an action on IMP (A) implementing an equivariant 
Morita equivalence between the i7-dynamical systems (A x w g G x X, Cu H ) and 
(Fix G (A),Fix G (cj)). Now, pS Section 9.1] shows that (A x w g (G x X)) xi^h H 
is Morita equivalent to Fix G (v4) XFi XG ( w ) H. However, [3J Theorem 4.1] gives that 
(A x u a (G x X)) x^h H = A x w (G x X k H) so that A x w (G x X k H) is Morita 
equivalent to Fix G (^4) XFi XG ( w ) if as desired. □ 

The main result of the paper now follows quickly. 

Proof of Theorem \5.SX For item ([1]), by Proposition 15 .51 v x > H is a semigroup ho- 
momorphism. By Propositions 15.81 and 15. 91 v XH is invertible and hence an iso- 
morphism. Theorem 15.121 shows that A x w (G x X k H) is Morita equivalent to 
Fix G (j4) x FiXG ( aj ) H and since Fix G is the inverse of v X ' H this gives the result. 
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More precisely, given an if-dynamical system (B,(3) let A = s* x B and to = s x /3. 
Then by Proposition 15. 8[ B H is isomorphic to Fixe A XFix G u H. However this 
algebra is Morita equivalent to A x w (G k X x H) = s* x B x s » ^ (G x. X x H) by 
Theorem 15. 121 Parts <[2|) and ((3]) now follow by symmetry. □ 

6. The construction from [13] 

In this section we reconcile our construction with the one used in |13j . In par- 
ticular we show that the isomorphism v x described in Theorem 15.21 restricts to the 
isomorphism <fr x : Br(H) — >• Br(G) described by [13, Theorem 4.1]. 

We define the isomorphism <f> here for the convenience of the reader. Sup- 
pose (A, f3) is an iJ-dynamical system with associated bundle . Then (xi], a) ~ 
(x,f3 n (a)) characterizes an equivalence relation on s* x stf '. Let s# x := s* x s//H be 
the quotient of s* x £0 by this equivalence relation. Then sd x is an upper semicon- 
tinuous G* -bundle over G(°'. Denote the image of (x, a) under this equivalence 
relation by [x,a] and set A x = r°(G (0) , £? x ). Now /3 x ([x,a\) := [jx,a] defines an 
action of G on A x p~3j Proposition 2.15]. They define 

cb x ([A,f3}):= [A X ,[3 X ]. 

Proposition 6.1. Let (A, /J) be an H-dynamical system. For F £ F\xg{s* x A) de- 
fine @(F)(u) = [x,F(x)] where x £ r x (u). Then Q is a well-defined isomorphism 
from Fixg(s x A) to A x . Moreover, intertwines the actions F'ixg(s x P) and f3 x . 

Proof. To see is well-defined note that if x, y € r^iu) then there exists rj £ H 
such that xr) — y; therefore [y,F(y)] — [xrj, F(xrf)] = [xrj, /3„-i (F(x))] = [x,F(x)]. 
Furthermore, the image of is a G (G(°))-subalgebra of s* x £//H. For all u £ 
and x E s^iu) we have A x (u) = A(x) JT3l page 914] and A(x) = F'ix G (s* x trf){u) 
by Proposition 13. 4( thus Proposition 12 . 51 gives that is onto. To see is injective, 
note that if [x, F(x)] = [x,F'(x)] then there exists ?y £ H such that (x,F(x)) = 
(xn,f3~ 1 (F'(x))). But since the action of H on X is free, t] = s x (x) and so 
F(x) — F'(x). Since this must hold for all x we get F = F'. 

To show is an isomorphism it remains to show that is continuous and open 
as a map of upper semicontinuous G*-bundles. An application of Proposition 12. 2[ 
which we omit, shows that is continuous. To see that is open, suppose [.t, , a;] — > 
[x, a]. By making use of the fact that the quotient map s* x si — >■ s x srf /H associated 
to the continuous action of H on s* x srf is open, we can pass to a subnet and find 
r\i such that (xifji, 8-i(ai)) —> (x,a). Let e > 0. Now for each i wc can pick 
/, £ FixG{s x A)(r x (xi)) such that 

WfiM - \-i(oi)|| = \\Mxi) - Of || < e/2 

and in a similar fashion we choose / £ FixG(s x A)(r x (x)) such that ||/(x) — o|| < 
e/2. We want to show that f { -> /. Pick F £ FbcG(s x A) such that F\ r -i( rx t x )\ = 
/. Now since F is a continuous bounded section of s x £/, F(xi7]i) — /3 -i(a) — > 
F(x) — a = f(x) — a. Using that the norm is upper semicontinuous we eventually 
have \\F(xiT)i) — /3 — i (a») || < e/2. Thus eventually we have 

WfiiXiViV) ~ F (XtVtV)\\ = \\Prj-i(fi(XiVi) ~ F ( x iVt))\\ = \\fi(xiVi) -F(xiVi)\\ 
< H/ite) - ^-i(ai)|| + WFfaTH) - P vr i(ai)\\ < e. 
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Hence \\fi — F\ r - 1 ( rx ( x rj .y ) \\ < £ for large i. Using Proposition 12.21 one last time, it 
follows that fi — > f G Yyxq{s* x s^) as desired and thus O is open. A straightforward 
computation shows that intertwines the actions. □ 

Appendix A. General proper dynamical systems 

Let G be a second countable locally compact Hausdorff groupoid with Haar 
system {A"} ugG (o). Let (A, a) be a G-dynamical system. For a *-subalgcbra Ao of 
A let 

M(A ) a := {d e M(A) : A d c A , a 7 (d(s( 7 ))) = d(r( 7 )) V 7 £ G}. 

Recall from [21 Definition 3.1] that (A, a) is proper if there is a dense *-subalgebra 
Ao of A such that 

(1) for all a, o G Ao, the function E (a,b) : 7 h-> a(r( 7 ))a 7 (6(s( 7 ))*) is hxte- 
grable, and 

(2) for all a, b G Ao, there exists a unique element (a, i>) G M(Aq) 01 such that 

(c.<o,6)„)(u)= / c(r( 7 ))a 7 (a*6( S ( 7 )))dA"( 7 ) for all c G A . 

In this case F = span{ E (a, b) : a, 6 G Ao} is a subalgebra of A >a a . r G Morita 
equivalent to Fix(A, a) := span{ (a, b) : a,b G Ao} [2J Theorem 3.9]. In [2] the 
question was raised as to when E is an ideal of A x Qr G. We provide a condition 
on Ao in the next proposition guaranteeing that E is an ideal. 

Proposition A.l. Let (A, a) be a proper G-dynamical system with respect to Ao 
and C an inductive limit dense ^-subalgebra of C C (G). Suppose that C ■ Aq c Ao, 
where the action of G C (G) on A is given by 

f ■ a(u) := / /( 7 )a>( S ( 7 ))) dA«( 7 ). (12) 

JG 

Then the subalgebra E <Z Ay\ a r G guaranteed by [21 Theorem 3.9] is an ideal. 

Proof. Since E is a *-subalgebra of A xIq, r G, it suffices to show that Bo* Eq G Eq 
for a dense subalgebra B c A >v,r G. Let : G C (G) A -> r c (G, sW) be 
characterized by Q(f ® a)( 7 ) = /( 7 )a(s( 7 )). By [501 Proof of Proposition 1.3] the 
image of is dense in r c (G, s*srf) in the inductive limit topology. Since G C G C (G) 
is dense in the inductive limit topology so is f2(G Ao). By [IBJ Lemma 4.3] the 
map / \-> ( 7 h-> a 7 (/( 7 ))) defines an isomorphism ac : Lo(G, s*^) — > Lo(G, r*sf). 
Thus Bo := «G fi(G Ao) is dense in T C (G, r*.e/) in the inductive limit topology. 

It remains to show B * E G F . For F G r c (G, r*«e/) and a G A define 
F ■ a(u) := / G F( 7 )a 7 (a(s( 7 ))) dA u ( 7 ). If F • a e A then F * E (a,b) = E (F ■ a,b). 
Thus it suffices to show F ■ a G Ao for all F G Bo and a G A . By the definition of 
Bo it suffices to show olq o f2(g 0) • a G A for all g G G and a, 6 G Ao. But 

a G o tt(g 6) • a(u) = / a G o f2(g b)(n)a v (a(s(r]))) d\ u {rf) 

JG 

= / g{ri)a n {ba{s{ri))) dA u (r?) = (g ■ ba)(u) e A , 

JG 

since ba G A and G • A C A by assumption. Hence B * E C F and thus E is 
an ideal in A x Qr G as desired. □ 
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Remark A. 2. Let Q be a group. In [23], if (A, a) is a proper (J-dynamical system 
with respect to the dense subalgebra Aq, the condition a s (Ao) C Aq for all s £ Q 
ensures that E is an ideal in A xi Q r Q. As observed in [2], o. s (Aq) C does not 
make sense for groupoids. It is unclear if the condition of Proposition I A. 1 1 reduces 
to the condition that a s (Ao) C Aq for all s £ Q in the group case. However, 
the examples below show that many proper group dynamical systems satisfy the 
condition of Proposition lA.il 

Example A. 3. Suppose Q acts properly on X , {A, a) is a (^-dynamical system, and 
9 : Co (A) — ¥ M(A) is equivariant and nondegenerate. Then (A, a) is proper with 
respect to the subalgebra A = 9(C C (X))A9(C C (X)) [H Theorem 5.7]. It is easy 
to see that C C (Q) ■ A C A . Indeed, suppose / £ C C (G), h,k £ C C {X) and a £ A, 
then we have 

/ • (9(h)a9(k)) = [ f(s)a s (8(h)a0(k)) ds. 
Jg 

Pick c £ C C (X) such that c = 1 on the set supp(/) ■ (supp h U supp k). Then for all 
s £ supp(/), 9{c)a s {9(h)) = a s (9(h)) and a s (6(k))6(c) = a s (6(k)). Thus 

/ • (e(h)a6(k)) = 9(c)(f ■ (8(h)a9(k)))9(c) £ A Q . 

Example A. 4. Let Q be a compactly generated Abelian Lie group. Using [26l no. 
11] we know that Q is of the form W x Z« x T" 1 x F where F is a finite Abelian 
group. Now let Q act on a C*-algcbra A with action a. Let Q be the Pontryagin 
dual of Q and let d^(/)(.s) = w(s)/(s) be the dual action in the sense of Takesaki- 
Takai. It follows from the statement and proof of [23l Theorem 2.2] that the action 
of Q on A x Q Q is proper. The role of the dense subalgebra A is played by the 
collection S a (G,A) which is defined as follows. Let /? be the strongly continuous 
action of g x Q on C (Q,A) by £( s , t) (/)(r) = a s (f(r - t)). Then S a (Q,A) is the 
space of elements of Co (G, A) which are infinitely differentiable for the action /3 
and which vanish more rapidly at infinity than any polynomial on Q grows. Here 
derivatives are taken in the R and T directions of Q, whereas polynomials are taken 
with respect to the R and Z directions. 

Consider the action of C C (G) on S a (G, A) given by (|T2l) . Observe that there 
is only one fiber and the Haar system is given by the dual Haar measure. After 
passing evaluation at s £ Q through the integral we see that for <j> £ C C (G) and 

feS a (G,A) 

4> •/(*)= / 0(w)a w (/)(a)dw= / 0(w)w(a)dw/(*)=^(«)/(s). (13) 
Jg Jg 

Here <j) denotes the Fourier transform of <j> from an element of C C (G) to an element 

of cb (a). 

Let C be the set of smooth, compactly supported functions in C C (G)- It is not 
difficult to see that C is dense with respect to the inductive limit topology. We wish 
to show that C ■ S a (G, A) C S a (G, A). However, in light of (fl~3|) it suffices to show 
that if <f> £ C then <p is infinitely differentiable in the R and T coordinates, and that 
in the R and Z coordinates <f> vanishes at infinity faster than any polynomial grows. 
Since the Pontryagin dual of a product is the product of the Pontryagin duals, and 
since our notions of smoothness and growth are all taken coordinatcwise, we need 
to prove that 



THE BRAUER SEMIGROUP 



29 



(1) if (f> is a compactly supported smooth function on R then <f> is a smooth 
function on R which vanishes at infinity faster than any polynomial on R 
grows, 

(2) if 4> is a smooth function on T then vanishes at infinity faster than any 
polynomial on Z grows, and 

(3) if 4> is finitely supported on Z then <f> is smooth on T. 

However, these are all standard facts from Fourier analysis [H Theorem 2.6, Theo- 
rem 7.5]. Thus the conditions of Proposition I A. 1 1 arc satisfied in this example. 
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